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1. Introduction and summary

The sigma model on AdSs x S° [I]] is complicated interacting theory whose solution is
currently beyond the reach.! On the other hand recently J. Maldacena and I. Swanson
proposed a relatively simple kinematical truncation of this theory [[J]. Technical simplifi-
cations allow us to test some conjectures considering integrability of the string theory on
AdSs x S°.2 More precisely, the sigma model in this limit leads (after gauge fixing) to sim-
pler toy model that is not, however, Lorentz-invariant theory in 1 + 1 dimensions. On the
other hand it is well defined system on its own. In fact, this system was carefully analysed
in [ where world-sheet S-matrix was also discussed. Moreover, it was demonstrated an
classical integrability of the O(V) sigma model in the near flat space limit in the sense
that the Lax pair was constructed. This is very interesting result since now we have Lax
pair for completely gauge fixed theory where the Virasoro constraints were solved. Since
the form of the Lax pair is rather unusual it is interesting to study the property of this
theory further.

It is well known that the existence of Lax connection implies the existence of an infinite
tower of conserved charges in the classical theory. However, as was stressed recently in [R4]
this does not quite coincide with the standard definition of integrability. Integrability in
the standard sense requires not only the existence of a tower of conserved charges but also
requires that these charges are in ”involution”. In other words, these conserved charges
Poisson brackets commute with each other.

However there is a long-standing problem in determining the Poisson brackets of the
conserved charged for classical string theory formulated on background that admits Lax
connection. Namely, the problem is due to the presence of Non-Ultra Local terms in
the Poisson brackets of the world-sheet fields that lead to ambiguities in brackets for the

IFor alternative pure-spinor approach description of superstring theory on AdSs x S°, see [E,EI]
2For some related works, see 7@].



charges.®> As was shown recently in [24] a resolution of this problem is based on earlier work
of Maillet [29, R3] where he proposed the regularisation the problematic brackets. Then this
procedure was applied to the simplest classical subsector of the AdSs x S® geometry in [24].
It was shown that this prescription leads to a very natural symplectic structure on the
space of finite-gap solutions of the string equations of motion that were constructed in [27].
Then it was shown in §] that the string theory on AdS5 x S° possesses infinite number
of conserved charges that are in involution even on the world-sheet with general metric.
Explicitly, the Poisson bracket of spatial components of Lax connection was calculated and
it was shown that its form does not depend on world-sheet metric and takes precisely the
form as in [R7. However it is important to stress that this analysis was valid in case when
either the diffeomorphism invariance of theory was preserved or the metric components
were fixed in some general form while the symmetry generated by Virasoro constraints was
preserved. On the other hand it is not clear whether integrability is preserved in case of
completely fixed theory, as for example, string theory in uniform light-cone gauge [29-p1].4
As the first step in the answering of this question we would like to calculate the Poisson
bracket of the spatial components of Lax connection for simpler model introduced in [[J].
It turns out that even if the resulting Poisson bracket is very complicated one can map it,
following [, R3] to the form that shows that the theory possesses an infinite number of
local charges that are in involutions. We mean that this is a nice result that shows that
the integrability persists in case of complete fixed theory as well.

We can extend this work in various ways. For example, it would be nice to perform the
same analysis for the supersymmetric form of the model given in [14]. Then we would like to
calculate Poisson brackets of Lax connection for bosonic string in uniform light-cone gauge.

The organisation of this paper is as follows. In next section f] we review the procedure
presented in [[Z] for O(N) sigma model that leads to simpler model with completely fixed
symmetry. In section f] we review the construction of Lax connection for this system.
Then in section f] we present the Hamiltonian formalism of this system and we calculate
the Poisson brackets of spatial components of Lax connection. Using these results we argue
for integrability of the theory. Finally, in appendix ([f]) we review Maillet’s treatment of
the monodromy matrix and Lax connection.

2. Reduced O(N) Sigma Model

In this section we review the analysis presented in [[J] that leads to interesting new 1+ 1
dimensional field theory. We consider O(N) sigma model. The target space of this sigma
model is a sphere SV, Let us consider a state with a constant spin density J = Jia,

where Jy; are rotation generators in the kl plane. Then we begin with the action

S = —\4/—X d&odélx/—n(—naﬁaatagt—i—naﬁaaxmaﬁx"),
T

22" =1, m=1,...,N, (2.1)

3For recent discussion of these problems in the context of string theory on AdSs x S°, see [@, @, @]
4This gauge was also discussed in [@, E]



where 0, = % ,a = 0,1 and we work in conformal gauge with the world-sheet metric
N = diag(—1,1). To have a contact with 12 we introduce the parameter

VA

9= (2.2)
For simplicity, we start with the case when N = 3 and parametrize S? as
z! =sinf, z?=cosfcosp, x°=cosfsing. (2.3)
Then the action (R.1)) takes the form
S =2g / detde™ (054105t + c0s® 003+ pD5— P + D3+005-6) (2.4)
where we have introduced the light-cone coordinates®
st =5"+5". (2.5)

Further, since the action (R.4) is defined with fixed form of the world-sheet metric the
theory has to be accompanied with the corresponding Virasoro constrains

T i = g[—05+t05+t + c0s? 005+ 905+ ¢ + D51 005+ 0] =0,
T _ = g[—05-t05-t + cos® 00;- pd5- ¢ + D5-005-6] = 0 . (2.6)

Our goal is to consider state with a constant spin density Jio = J. Let us start with

solution: % =1 and # = 0 and perform a boost on the world-sheet coordinates 6+ =

% + &' and expand in small fluctuations around the constant spin-density solution

~ - (o
U+:2\/§O'+, o :ﬁ’
¢:60+%=6+—;&+%:\/§0++%,
x=%+5,
Y
b=
1 _

t:60:§(&++6_):a++0—, g— 00, (2.7)

IV

are the light-cone coordinates after performing the boost. Note that we are

interested in solutions where y = %0* -+ § with § representing small fluctuations. Then the

rescaling (2.7) implies

where o+

d6tde™ = dotdo,
0 1 0 1
— = = 3+ 5
dct  2,/gdot  2\/g
0 0
— =2/g— =2.,/g0_ . 2.8
55— = V95 = =29 (2.8)
®In the light-cone frame the metric components are n™~ ==+ = —2, with the inverse ny _ =n_, = f%

and with the corresponding determinant /—n = %



Using (R.7) and (R.§) the action (R.4), up to constant and total derivative terms, is finite

S=2 / doTdo ™[04 x0_x + 04y0_y — y*0_X] . (2.9)
Finally, to generalize to the case of O(N) sigma model we replace y? with y> — ? =
yly;,i=1,...,N — 2 in the above action and we obtain

S =2 / dotdo~[0_x0yx + 04707 — §20_X] . (2.10)

Note also that under the rescaling (R.7), T+ given in (R.6) takes the form

, 1 i 1\ 1. 1

and hence the Virasoro constraint 7 = 0 implies the constraint
)

. Y

In the same way the rescaling (R.4) performed on T__ implies
0_x0_x + 0_yo_y =16 . (2.13)
In summary, we have two constraints in the theory

Dy = O_xO_x+0_§o_if—16 =0,

7
2= dix— 5 =0. (2.14)

Following [L19] we can move to a gauge fixed Lagrangian by defining new coordinates

et =ot, - % +2y . (2.15)
Then it is easy to see that
a—l— = Op+ + 28+Xa:v— = Op+ + gzam_ )
1
0_ = 2<Z + 8)()(9:,3— , (2.16)

where we have used (R.14). Note also that ®5 implies

1 2
1~ (0,-7) d_x 1 ey
_y = =2(-—(0,- . 2.1

Let us now consider the equations of motion for y that follow from the action (R.10)

0 0_y' +9y'0_x=0. (2.18)



Then using (R.16) and (R.17) we can map (R.1§) into

‘ . (1
0-0uetf + 0, (0, 1') 4/ (] - @) =0 (2.19)

Then it is easy to see that these equations of motion follow from the variation of the action

I P
S =2 / detdx~ [8x+y8$y — ZyQ + y2((9xy8$y)} . (2.20)
The action (.20) will be starting point for the Hamiltonian treatment of the reduced
model. Before we proceed to this question we introduce the Lax connection for the theory

given above.

3. Lax connection

In this section we introduce Lax connection that was given in [[J. As was argued there
Lax connection can be obtained by taking a simple limit of the connection of O(N) theory.
In order to write it explicitly, we select one of the O(N) generators Ji2 and consider the
off-diagonal generators that mix (1,2) plane with the rest. We denote these generators as
J* i=1,...,N —2. We also need following commutation relations:

|:J127J:ti:| — ijil,
(T T = 60 —J9, [T ] = =602 = JY . (3.1)

Flat connection introduced in [[[] is derived by taking the limit of the connection for O(N)
theory [R1] and it takes the form

7 L . L .
A, = |:e—z<7 w 2J+’l 4 eloTw ’LJ—Zi| ’
+ \/5 Yy Y
A_ = l [—18 J2 _ 1 e—ia*wg i gti + 1 eia*wa i =i (3 2)
CTw[TY TR Y Noaa i :

where w is spectral parameter. Then using the constraint j. = 0 and the equations of
motion for y* (B.1§) together with (B.1) we obtain

O A —O_ Ay +[Af, A =0. (3.3)

In other words A given (B.2) defines flat Lax connection. As the next step we use (R.19)
and write

dzt = dot,
1
dz™ — jPdat = d0_2<Z + (9)() . (3.4)
Then we obtain
A=A dot + A_do™ = Apde™ + A(de™ — ¢Pdz™), (3.5)



where we have defined

~ 1
A=A ——F— =
2(3 +0-x)

1 1 1 . T o
:__~__a_—»2 J12__—w:wa_2J+z N S T 3.6

w[1<4(l«y)> 75 by T et M0y , (3.6)
where in the final step we used (R.16) and (R.17). Finally, we can perform gauge transfor-
mation to remove the constant part of the connection

A =g Ag+g g, g=em® T (3.7)
and we obtain
,4’+ = % [e*iﬂa‘*w*ﬁx‘yijﬂ _{_eim"'eriﬁ:v_yiin] ’
. 1 1 . 1 o 1 . 1 o
A/ _ E [Z(Bxy)QJIQ o Eeflm+wfzﬁm 8$7le+l + _i_%ezmﬁLerlﬁm 8$7sz71 ) (38)

In what follows we use the Lax connection (B.§) where we will write A instead of A’. Let

us now rewrite the Lax connection as
A= (A —PA)det + A dz™ =
= (A —PA_+ A ))dr + (A, —PA_ — A )do, (3.9)
where we have introduced o, 7 defined as
f=r+0. (3.10)
We see that the spatial component of Lax connection A, takes the form

AO’ = ('A-l- - gQ"Zl— - A—) =
_ % |:e_ix+w_ﬁx*yi{]+i_i_eix*w-i-iﬁx*yij—i _ (3.11)

1 1

_1+—»2 - .833— 2J12__

(L4 ) i 0P

The spatial component of Lax connection given above will be the central object for the

e—iz‘*w—iﬁua:_ax_yi(]-i-i_'_%eix+w+iﬁu$_am_yij—i )

study of the integrability of the theory. Explicitly, we will calculate the Poisson bracket
between these components for different spectral parameters w, v. Before we proceed to this
calculation we have to develop corresponding Hamiltonian formalism.

4. Hamiltonian formalism

Our goal is to develop the Hamiltonian formalism for the action

1
S =1 [ da* a0 0,7 3+ PO 0] (1)



If we again introduce coordinates 7,0 as

f=r+0 (4.2)
and consequently
1 1
Op+ = 5(& +05), Op- = 5(& —0y) (4.3)
we obtain
s = [ drdol(0.5)" - 00" -  + P (0.5~ 0" (44)

Then the momentum ; conjugate to y* takes the form

4L
80y

= 2[aﬂ'yi + gQ(aTyi - aoyi)] (4-5)

U
and we have following canonical Poisson brackets
{yi(a), 7'(']‘(0',)} = 5;5(0 -ad). (4.6)
Using ([L.5) we can express d,y' as function of 7; and 9,

%771' + gﬁaayi

ory' = 4.7
-y 117 (4.7)
Then corresponding Hamiltonian density takes the form
< i 7(0,97) _ 7*(0,9)°
= Oyim — L = oo 2T o) + i 4.8
"= Ory'ms 017 1+ 7 1+ 42 T 0G) +7 (48)

Finally, we use the relation ([.7) to express (B.11) as a function of canonical variables
{e—iﬁw—ﬁx*yij—i—i 4 em+w+iﬁz*yij—i] _

i 1 2 R | A
o —7? _ ao—» J12 _ _efz:v W—ig T Za— ao 7 J+z_|_
4(1+g?><2 y) 212 <2 Z y)

1 .+ .1 (1 . .
+ et w—l—zmar <_7Ti _ aayl> J—Z:| . (4.9)
2v/2 2

Now we are ready to calculate the Poisson brackets

{-’407045(0',’(0),./40775(0'/,1})} ) (410)

where «, 8 and ~,d label matrix indices of generators J’s. Since in the following we will
consider the spatial components of Lax connection only we omit the subscript o. Explicitly
we define A, o5 = Aqg-



Now using the canonical Poisson brackets determined above we calculate the Poisson
bracket of spatial component of Lax connection. Using

{ @W . aog>2<a>, @w - 8y> <a'>} - (éw - ay> (0)0d( — o) — Dy — ')
{(%W -0 ) (o). @ﬁ_adg)z(a')} o G [ e ]

{ Gﬁ - aog>2(a), <%ﬁ - 80/y_'>2(0')} 9 <%w - aoyi> ([0 (0 — o) —
—0,6(c — 0')] (%w - aa/y’) (o) (4.11)

we obtain, after straightforward calculations, following result

{Aas(o,w), Ays(0',v)} = Aays(o,w,v)8(0 — o) + Baygs(o, 0’ ,w,0)0,8(0 — o) +
+Cay,p5(0, 0", w,0)0,8(c — o'), (4.12)

where

Aa77B5(U7 w7 U) =

_ Z(US) — U) efix+(v+w)77i(ij$)x_ J;rﬁz{];%l _ Z(Q;_F ’U)) efim‘F(wfv)fii(Zv_f)x_ J;rﬁz‘]';il +
vw VW
+Z('U —|— w) ei(U)7’U):B++i(’U7w) = J_ZJ+Z . Z(w — /U) eim+(v+w)+i(zv%m1'7 —i —i

Svw o af<ys 8w af< s +
1

‘ ) i\ —iztvo—ta~ 712 74i '++L—1' AP
+m|:<§ﬂ'l—aayl>e WTV— T JaﬁJygl"i_em vt <§7Tz—8gyl>Jaﬁng}—
Lm0yt e i 12y getwge (Lo g ) i e
9’ oy aBYv6 oM oY aBVb

1. A P N .
60w (1 + )2 <§7T_a"y> [e R DA M P N

_e—mm_ﬁfyij;réjg + em+w+ﬁxyijgéjg} ’ (4.13)

Ca’y,,@é(gv Oja w, ’U) -

1 ; i - - . i _ .
_ o [efzm‘ﬂufmx J;Lﬁz _ pirtwtgge J;ﬁz](a) %
X[efi:ﬁvfﬁaf J;;SZ _ eim+v+ﬁm*J;5i](U/) +
1 1 1

T e 0oy’ )(0)[e ™™ VT w T ST — e 1 (o) +

7

+ 16vw

1 (%ﬂ'l — Bgyi)(a)
Swv 1+ g2

i

1 %
T SN T IR (51 — Opry")
e T awt JHIS — et A JaéJ}/(?](U)72(i+g2) (o) =

(%ﬂ'i - ao’yi)
1+

(6") 35305 (4.14)



and

Ba'y,ﬁé(07 UI7 w, U) =

_ 161 [e—ix"'w—ﬁx_(];ré’ _ eix"'w—f—ﬁx_ J;é](a) x
VW
X[efi:v‘*vfﬁ:v_ J;;SZ _ 6iz+v+ﬁm_<],;5i](0'/) _

) 1 1 . . i - . ) i .
¢ “ — ({9Uyl)(0')[€_m+v_5x J(}{%J;::;Z . ezx*v—f—ﬂx J(}{%J*Z](U,) _

 16vw (1—1—272)(2 9
. 1 i
_ ? —ia:"'w—ﬁx_ J+iJ12 o ix+w+ﬁx_ int]lQ (iﬂ-i B aaly ) /
160w le afine € as29)(0) (1+9?) @)+
1 (Gmi =00y, (3mi — 99ry’)
e 2 1’+ gg (0)-2 1 +g; (6") 25005 (4.15)
Then it is easy to see that matrices A, B, C obey the relations
Ay ps(o,w,v) = —Agg 55(0,v,w)
(4.16)
and
B, 35(0, o w,v) = —Cwyg(g(a',a,v,w)
(4.17)

that are in agreement with general definition given in (A.11)).

Now we are ready to exhibit the general structure of the Poisson brackets, following [RZ].
Let us introduce the matrices 7q-,35(0, w,v), sa~,35 (0, w, v) whose explicit form in terms of
matrices Boy g5, Cay s is given in (A.13). Then, using also the formula

f(@,9)0:0(z —y) = f(z,2)0:6(x — y) + 9y f(2,y)y=20(z — y) (4.18)
we can rewrite the Poisson bracket (f.13) into the form
{Auplo,w), Ays(0',0)} = Ay gs(o,w,0)6(0 — o’) —
—0uBary,5(0, U, 0, V) y=e0(0 — ') — 8,Coy g5(1, 0, W, 0)y=6(c — 0’) —
—Bury 35(0,0,w,0)050(0 — 0') — Cay ps(0’, 0", w, )0y 6(c — o') =
= (O5Tar,85(0, W, V) — OrSary,p5(0, w,0))8(0 — ') — 2844 g5 (0, W, 0)0y6(c — o) +
+[(Pary,08 (0, W, V) = Samy.05(0, W, v)) Ay (o, w) —
—Aao(0,w)(ror,65(0, 0, 0) = 565,850, w,))]0(0 — o) +
H(rar,po (0, W, 0) + Sary. 0 (9, W, 0)) Ags (v, 0) =
— Ao (0,0)(Tae,85 (0, W, V) + 500,85(0, w,v))]0(c — 0/) . (4.19)
The fact that the Poisson bracket of Lax connection takes the form given above has an
important consequence for the integrability of the theory. As was shown in [R2] and re-
viewed in appendix integrable theories with the Poisson brackets of the Lax connection
given in (.19) or in its alternative form given in ([A.15) possesses infinite number of con-

served charges that are in involution with respect to given Poisson bracket structure. In
other words we have shown that the reduced sigma model is classically integrable.



A. Review of basic properties of monodromy matrix

In this section we give a review of properties of monodromy matrix, following RJ]. As
opposite to this paper we will write all expressions with explicit matrix notation.
The monodromy matrix 7,5(01, 02, w), where w is a spectral parameter, can be defined

as

05 Top(o1, 00, w) = Aay (01, w)Thg(01, 02, W) ,
(9027;5(01,02,10) = —7;{7(0'1,0'2,111)./4«/5(0'2,111) (Al)

with the normalisation condition
Top(o1,02,w) = 0ap (A.2)

and
7;761(0'1,0'2,11}) = Top5(02,01,w) . (A.3)
Note that in our notation A,(o, w) is a spatial component of Lax connection.
Our goal is to calculate the Poisson bracket between 7 (w) and 7 (v). Following [RJ]
we consider the Poisson bracket between any dynamical quantity X.s and T,g(o1, 02, w)

where X5 does not depend o1 and o2
{7:)46(0'1, 02, ’U)), X’yé} = Woz'y,ﬁé(o-la 02, ’U)) 3 (A4)

where

051 Xy6 =0, 05,X,5=0. (A.5)

If we derive (A.4) with respect oy and o9 and use (A.1]) we obtain two differential equations
for W (o1, 09)

801 Wa'y,ﬁé(o'ly 02, w) = Aaa(o'ly w)Wa'y,ﬁ(S (0'1, g2, ’U)) + {Aaa(ala ’U)), X’yé} 7;'5(0-15 02, w)
(A.6)

and

05y Wary,ps(01,02,w) = =Too (01,02, w) {Asg(o2, w), Xy5} —=Wary05(01, 02, w) Agg(o2, w).
(A7)

The equations ([A.§) and (A7) have solution in the form

o1

Way,85(01, 02, w) :/ do' Too, (01,0, W) {A(,l@(a',w),Xw}%Qﬁ(a’,ag,w) . (A.8)

o2

Let us now presume that X5 = T,5(07,0%,v) where all 01,09,0] and o are distinct.
Then ([A-4) together with (A.§) implies

o1 o'
{’]:15(01,02,w),?’vg(ai,aé,v)}:/ dcr/ 1 do'Too, (01, 0,w) T, (01,0, v) X (A.9)
o9 oh

X {-’40102 (Uv w)’ APIPQ (U,’ v)}’]}25(0, 02, w)/];né(al’ Oé’ v) .

,10,



Let us now presume that the Poisson bracket of spatial components of Lax connection
A(o,w) and A(o’,v), where w and v are spectral parameters, takes the form

{Aas(o,w), Ays(0',v)} = Aayps(o,w,v)8(0 — o) + Baygs(o, 0’ ,w,0)0,8(c — o) +
+Coy,p5(0, 0", w,0)056(c — ') . (A.10)

Then an antisymmetry of Poisson bracket implies

Ay ps(o,w,v) = —Aqs8(0,v,w),

Ba7755(07 0/7 w? 7}) = _C’ya,ﬁls(o-la Ua ’U, w) 9
Cay55(0, o w,v) = —Bvaﬁﬁ(a',a,v,w) .
(A.11)
Let us introduce matrices rq- gs(0, w,v), Say,35 (0, w,v) defined as
1
Say,ps(0,w,v) = §[Ba%55(0, o,w,v) + By sp(o,0,w,v)] =
1
= §[Ba%55(0’, o,w,v) — Cuy g5(0, 0,w,v)],
1 .
Tavy,85(0, w,v) = E[Ba%ﬁg(a, o,w,v) — By ss(0,0,v,w)] + Toy gs(0,w,v) =
1 "
— §[Ba%ﬁ§(a’ o, w,v) + Cury gs(0, 0,0, w)] + 7oy gs(0, w, v),
(A.12)

where 7 is solution of the inhomogeneous first order differential equation

OoTary,35 (0, W, V) 4 [Fay,05 (0, w, 0) Agp (0, W) — Aao (0, W) P gy, g5 (0, w, v) |+
+[faw,ﬁa (O-, w, U)AO'6 (U, U) _-A’\/U (U, U)faa,ﬁé(o-a w, U)] = Qoz'y,ﬁé(o-, w, ’U) )
(A.13)

where

Qo p5(0,w,v) = Agy gs(0,w,v) — Ou(Bay,gs (0, u, w,v) + Cory g5 (U, 0,w, V) )y=0 +
+[ Ay (0,0)Bag, s (0, 0,w,0) — Bay go (0,0, w,0) Ags (0, 0)] +
+[Aa0(07 w)CU“/,B5(Uv 07 w7 U) - Ca7,05(07 07 w7 U)Ao'ﬁ (07 w)] * (A14)

Then we can rewrite the Poisson bracket (f.13) in the form

{Aas(w,0), Ays(v,0") } =[ray,ps(w,v,0)Aps (0, w) — Aap(o, w)rpg.6(w,v,0)+ (A.15)
+7 oy, 80 (W, 0,0) Ass (0,0) — Ayo (0,0)T 00,5 (W, v, 0)+
+ Say,ps(w,v,0)Apg(o,w) — Aap(o, w)sps,s(w,v,0)—
—Sam, B0 (W, v, 0) Ass (0, 0) — Ay (0,0) Sa0,gs (W, v,0)] 6(0 — o) —

—(r(o,w,v)+s(o,w,v)—r(c’,w,v)+s(c", w,v))ay,350-0(c—0").

— 11 —



Let us now return to the equation (A.13). The general solution of this equation takes the
form

(e

Tavy,35(0, W, ) :/ do’ Too, (0,0, w)Tye, (0, o, V)51 59,1 p2 (o', w, v)’];)lg(a', o, w)’];m;(a', o,v)
a

~

+7Ta0, (0, a, w)Tﬁag (0,a, U)Nolaz,plpz (a,w, U)%lﬁ(a, g, w)%ﬂ(a, o,v),
(A.16)

where a is arbitrary real number and ]\Afaﬁﬁg(w, v,a) is an arbitrary o-independent matrix
that satisfy the relation

Nyasp(a,w,v) = =Nqy gs(a, v,w) . (A.17)
Note that the N part of 7 is solution of the homogeneous equation associated with ([A.19)
and has to be determined by choice of boundary conditions for #(o,w,v). We would like
also to mention that # can be non-local expressions in terms of canonical variables of theory.
Then, when it is possible, we can choose N such that # be a local matrix in terms of field
of the theory.

Using of the form of the Poisson bracket (JA.15) we can calculate the algebra of mon-
odromy matrices when o1, 09,07, 04 are all different. We obtain, if o1 and o are larger
than o9 and o}, 0¥ = min(o1,0}), 09 = max(o9,0})

{7:15(0-1’0-25 ) ¥ 0-1’0-27 } —

= 7-0401 (017 U?a w)/];/@ (017 U?a U) [T(O’?v w, U) + 6(01 - 03)8(0?7 w, U)] 0102,p1p2

%25(0?7 Ué? ) -

x’]'lﬁ(al,ag, w)
_T (0’1, 02’ )7;02 (Ula 02’ ) [T(Ugaw,v) + G(Ué - 0-2)8(0-8510
w)

’ U)] 0102,p102 x

X,Z;)lﬁ(027027 7;25(0270'27 ) ) (Alg)

where e(x) = sign(x). It is important to note that in the non-ultralocal case the alge-
bra ([A.1§), due to the presence of the s-term, the function

Ag{ﬁi 65(015 02,0'/1,0'5,111,’0) = {%5(0‘1,0'2,w),Tyg(O'll,O'é,U)} (A.19)

is well defined and continuous where o1, 09, 07, 0 are all distinct, but it has discontinuities
proportional to 2s across the hyperplanes corresponding to some of the o1, 09,07, 0% being
equal. Then if we want to define the Poisson bracket of transfer matrices for coinciding
intervals (o1 = o/, 09 = 0%) or adjacent intervals (6] = o9 or o1 = o)) requires the value of
the discontinuous matrix-valued function A at its discontinuities. It was shown in [RJ]
that requiring anti-symmetry of the Poisson bracket and the derivation rule to hold imposes
the symmetric definition of A(M) at its discontinuous points. For example, at o7 = o] we
must define

1 .
A((w)ﬁé(al,ag,al,aé,w,v) = hr(]gl+ 5(&&3 65(01702701 +€,09,w,v) +
€E—

+A((X’3,ﬁ5(01’02701 - 670-;771}71))) (A20)
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and likewise for all other possible coinciding endpoints. This definition of AM) at its
discontinuities implies an definition of the Poisson bracket between transition matrices for
coinciding and adjacent intervals that is consistent with the anti-symmetry of the Poisson
bracket and the derivation rule. However as was shown in [RJ]° this definition of the Poisson
bracket {’T ©T } 7 does not satisfy the Jacobi identity so that in fact no strong definition
of the bracket {’T €T } with coinciding or adjecent intervals can be given without violating
the Jacobi identity. However, as was further shown in [R3] it is possible to give a weak
definition of this bracket for coinciding or adjacent intervals as well.® We are not going
into details of the procedure, interesting reader can read the original paper [23 or more
recent [24]. For example, it was shown that the algebra of two 7”’s for equal intervals takes

the form

{Top(or,00,w), Ty5(01,02,0)} = Tary,op(01,w,v)T55(01, 02, w)Tps (01, 02,0) —
_7—(;1{0'(0-1’ 02, w)l]jyp(o'ly g2, U)Tap,ﬁ5(0-2a w, ’U) ’(A21)
where {, } stands for the weak brackets defined in ([A.2(]).

Let us now return to our model. Since the reduced sigma model is defined on the

infinite line it is natural to introduce following object
Q(w) = T (o0, —o0, w) . (A.22)
Further, it is also natural to define

r(w,v) = lim r(w,v,0) = lim r(w,v,0) . (A.23)

For example, this condition clearly holds for world-sheet fields that vanish at asymptotic

infinity. Then using ([A:2]) we finally obtain
[TrQ(w), TrQ(v)} = {Qaa(w), Ys(v)} = (A.24)
= Tap,o102 (w’v)Qola(w)chﬁ(v) — Qaoy (w)QBaz (U)Tawz,aﬁ(wW) =
= TaB,o102 (W, V)1 a(W) 2, 8(0) = Tap 010, (W, 0) ) 0 (w) oy 5(v) = 0.
Since TrQ2(w) is generator of local conserved charges the result given above implies that

these conserved charges are in involution with respect to brackets (JA.20). This result
implies an classical integrability of given theory.
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